On iterated translated points for contactomorphisms of R^{2n+1} and R^{2n} x S^1 by Sandon, Sheila
ON ITERATED TRANSLATED POINTS FOR CONTACTOMORPHISMS OF
R
2n+1 AND R2n × S1
SHEILA SANDON
Abstract. A point q in a contact manifold is called a translated point for a contactomorphism
φ with respect to some fixed contact form if φ(q) and q belong to the same Reeb orbit and the
contact form is preserved at q. The problem of existence of translated points has an interpre-
tation in terms of Reeb chords between Legendrian submanifolds, and can be seen as a special
case of the problem of leafwise coisotropic intersections. For a compactly supported contac-
tomorphism φ of R2n+1 or R2n × S1 contact isotopic to the identity, existence of translated
points follows immediately from Chekanov’s theorem on critical points of quasi-functions and
Bhupal’s graph construction. In this article we prove that if φ is positive then there are infinitely
many non-trivial geometrically distinct iterated translated points, i.e. translated points of some
iteration φk. This result can be seen as a (partial) contact analogue of the result of Viterbo
on existence of infinitely many iterated fixed points for compactly supported Hamiltonian sym-
plectomorphisms of R2n, and is obtained with generating functions techniques in the setting of
[S11].
1. Introduction
Let φ be a Hamiltonian symplectomorphism of a closed symplectic manifold (W,ω). Arnold’s
famous conjecture states that φ should have at least as many fixed points as a function onW must
have critical points. This conjecture was posed in the 60’s and is still not proved in full generality.
It has been one of the main motivating forces in the development of some of the most powerful
techniques in modern symplectic topology. Consider now a contact manifold
(
M, ξ = ker(α)
)
and let φ be a contactomorphism, contact isotopic to the identity. In contrast to the case of a
Hamiltonian symplectomorphism, φ does not need to have any fixed point. We can consider for
example the Reeb flow on M , i.e. the contact isotopy generated by the vector field Rα defined by
the conditions ιRαdα = 0 and α(Rα) = 1. Since the Reeb vector field never vanishes, for small
t the time-t map of the Reeb flow does not have any fixed point. This difference with respect
to the symplectic case is reflected by the fact that while in the symplectic case the Hamiltonian
isotopy generated by a constant Hamiltonian function is constantly the identity, in the contact
case a constant Hamiltonian generates the Reeb flow. Motivated by this, we can consider instead
an analogue of the Arnold conjecture for translated points of φ.
Definition 1.1. Let φ be a contactomorphism of a (cooriented) contact manifold
(
M, ξ = ker(α)
)
and let g : M → R be the function defined by φ∗α = egα. A point q of M is called a translated
point for φ (with respect to the contact form α) if φ(q) and q belong to the same Reeb orbit and
g(q) = 0.
Consider for example the prequantization of an exact symplectic manifold (M,ω = −dλ), i.e. the
manifold M × R endowed with the contact structure ker(dθ − λ) where θ is the R-coordinate.
Then every point in the fiber above a fixed point of a Hamiltonian symplectomorphism φ of M is
a translated point of the lift φ˜. Recall that a lift φ˜ of φ is a contactomorphism of M × R defined
by φ˜(x, θ) =
(
φ(x), θ + F (x)
)
where F is a function on M satisfying φ∗λ − λ = dF . Note that
the condition on g is automatically satisfied in this case because φ˜ preserves the contact form
everywhere.
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Our motivation in considering the notion of translated points comes not so much from the pre-
vious example but rather from the special case of compactly supported contactomorphisms of
M =
(
R
2n × S1, ξ = ker (dz − ydx)
)
. Here translated points correspond to critical points of
generating functions, and are at the base of the constructions of a contact capacity and contact
homology groups for domains and of a bi-invariant partial order and a bi-invariant metric on the
contactomorphism group [Bh01, S11, S10].
Definition 1.2. A point q of M is called an iterated translated point for a contactomorphism
φ if it is a translated point for some iteration φk.
We can consider the following problems.
PROBLEM 1: What can we say about existence of translated points? Can we prove an ana-
logue of the Arnold conjecture, i.e. that on a closed M every contactomorphism which is contact
isotopic to the identity must have at least as many translated points as a function on M must
have critical points?
PROBLEM 2: Can we prove that on a closed manifold every contactomorphism which is contact
isotopic to the identity has infinitely many iterated translated points?
As we will now discuss, Problem 1 has a interpretation in terms of Reeb chords. Recall first
that the Arnold conjecture for fixed points of Hamiltonian symplectomorphisms can be seen as
a statement on Lagrangian intersections. Indeed, if φ is a Hamiltonian symplectomorphism of
(W,ω) then its graph is a Lagrangian submanifold of the product (W ×W,−ω⊕ω), and the fixed
points of φ correspond to intersections of the graph with the diagonal. A similar interpretation
also exists for the problem of translated points, but Lagrangian intersections are replaced by Reeb
chords between Legendrian submanifolds. Let φ be a contactomorphism of a contact manifold(
M, ξ = ker(α)
)
and consider M ×M ×R with the product contact form A = eθα1−α2. Here α1
and α2 are the pullback of α with respect to the projections ofM×M×R into the first and second
factors respectively, and θ is the R-coordinate. Note that the Reeb flow of A is generated by the
vector field (0,−Rα, 0) where Rα is the Reeb vector field of α. We define the diagonal ofM×M×R
to be the Legendrian submanifold {(q, q, 0) | q ∈ M}, and the graph of a contactomorphism φ of
M to be the image of the Legendrian embedding M → M ×M × R, q 7→
(
q, φ(q), g(q)
)
where g
is the function defined by φ∗α = egα. If q ∈ M is a translated point of φ then the corresponding
point in the graph is of the form
(
q, (ϕRα)t0(q), 0
)
for some t0, where (ϕ
Rα)t is the Reeb flow
of α. Note that this point is in the same Reeb orbit as (q, q, 0), which belongs to the diagonal.
Hence, translated points of φ correspond to Reeb chords between its graph and the diagonal in
M ×M ×R. The problem of counting translated points of the contactomorphism φ of M is thus
reduced to the problem of counting Reeb chords between its graph and the diagonal. Note that
these are two Legendrian submanifolds that are contact isotopic to each other. The existence
problem for Reeb chords connecting two Legendrian submanifolds contact isotopic to each other
can be considered as a relative version of another famous conjecture by Arnold, the chord conjec-
ture. This was stated in 1986 [Arn86] originally as the assertion that every Legendrian knot in the
standard contact S3 should have a Reeb chord. The generalized chord conjecture states existence
of Reeb chords for Legendrian submanifolds of any closed contact manifold (M2n−1, ξ). Partial
results about the chord conjecture were obtained by Givental [Giv90], Abbas [Abb99a, Abb99b],
Mohnke [Moh01], Cieliebak [Cie02] and Hutchings and Taubes [HT10]. As far as I know, the only
result in the literature about existence of Reeb chords connecting two different Legendrian sub-
manifolds is Chekanov’s theorem [Chek96], which concerns Reeb chords between the 0-section in
a 1-jet bundle and a contact deformation of it. As we will now discuss, Chekanov’s result implies
existence of translated points in the special case of compactly supported contactomorphisms of
R
2n+1 and R2n × S1.
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Let B be a smooth closed manifold, and consider in the 1-jet bundle J1B = T ∗B × R a Leg-
endrian submanifold L which is contact isotopic to the 0-section. Note that the Reeb flow of J1B
with respect to the standard contact form dθ − pdq is given by translation in the R-direction.
Thus Reeb chords connecting L to the 0-section correspond to intersections of L with the 0-wall,
which is defined to be the product of the 0-section in T ∗B with R. Chekanov’s theorem [Chek96]
states that the number of intersections of L with the 0-wall is greater of equal than cl(B) + 1,
where cl(B) denotes the cup-length of B. Moreover it is greater or equal than the sum of the
Betti numbers of B if we assume that all intersections are transverse. Consider now the contact
manifolds R2n+1 and R2n×S1. IfM = R2n+1 orM = R2n×S1 then we have a contact embedding
M ×M × R ↪→ J1M sending the diagonal ∆ of M ×M × R to the 0-section of J1M (Bhupal’s
formula [Bh01]). We denote by Γφ the Legendrian submanifold of J
1M which is the image of the
graph of φ under this embedding. Then it can be seen that translated points of φ correspond to
Reeb chords between the 0-section and Γφ, i.e. to intersections of Γφ with the 0-wall. Thus the
questions of Problem 1 in the case of M = R2n+1 or M = R2n × S1 are answered by applying
Chekanov’s theorem [Chek96]. We will discuss this in more details in Section 2, taking it as an
opportunity to introduce the background material that is needed in the rest of the article. In
Sections 3 and 4 instead we discuss and prove Problem 2 in the special case of a positive contacto-
morphism of respectively R2n+1 and R2n×S1. Recall that a contactomorphism of a closed contact
manifold is said to be positive if it is the time-1 map of a positive contact isotopy, i.e. a contact
isotopy that is generated by a positive Hamiltonian and thus moves every point in a direction
positively transverse to the contact distribution. This notion was introduced by Eliashberg and
Polterovich in [EP00]. For a compactly supported contactomorphism φ of R2n+1 or R2n × S1, we
say that φ is positive if it is the time-1 map of a Hamiltonian which is positive in the interior of
its support. Our main result is the following theorem.
Theorem 1.3. If φ is a positive compactly supported contactomorphism of R2n+1 or R2n × S1
then φ has infinitely many geometrically distinct iterated translated points in the interior of its
support.
As discussed above, Chekanov’s theorem and Bhupal’s graph construction immediately imply ex-
istence of a translated point for every iteration φk. As we will see in Section 3, a purely formal
consequence of this is that either there are infinitely many geometrically distinct iterated trans-
lated points of φ, or there is a periodic point (i.e. a translated point of some φk which is also
a fixed point of φk). To get Theorem 1.3 we need thus to exclude the existence of a periodic
point when φ is a positive contactomorphism. Note that positivity of φ does not imply that φ
should move every point of R2n+1 up in the z-direction: φ is the time-1 map of a contact iso-
topy that moves every point in a direction positively transverse to the contact distribution, but
not necessarily in a direction that has a positive scalar product with the Reeb vector field. In
fact, it is possible to have positive contact isotopies that move some point always down in the
z-direction (see [CFP10] for concrete examples). To prove Theorem 1.3 we will use the spectral
invariant c+ for contactomorphisms of R2n+1 and R2n×S1, that was introduced by Bhupal [Bh01].
Theorem 1.3 can be seen as a (partial) contact analogue of the result of Viterbo [Vit92] on the
existence of infinitely many non-trivial periodic1 points for a compactly supported Hamiltonian
symplectomorphism φ of R2n. Viterbo’s result is proved as follows. Recall that to every compactly
supported Hamiltonian symplectomorphism φ of R2n we can associate a Lagrangian submanifold
Γφ of T
∗S2n Hamiltonian isotopic to the 0-section. Recall also that to any such Lagrangian sub-
manifold we can associate a generating function quadratic at infinity [Chap84, LS85, Sik86, Sik87].
Fixed points of φ correspond to intersections of Γφ with the 0-section and thus to critical points
of the generating function Sφ of Γφ. Moreover, critical values of Sφ are given by the symplectic
1In the symplectic case both expressions periodic point and iterated point are equivalently used to indicate a
fixed point of some iteration. Note that if q is a fixed point of some φk then it is also a fixed point of φlk for
all l. Since the equivalent statement is not true for translated points of contactomorphisms, we prefer to use the
expression iterated translated point instead of periodic translated point.
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action of the corresponding fixed points of φ. By minimax methods on the generating function
we can define spectral invariants c+(φ) and c−(φ). We have that c+(φ) ≥ 0, c−(φ) ≤ 0, and
c+(φ) = c−(φ) = 0 if and only if φ is the identity. For every k we denote by qk the fixed point
of φk corresponding to c+(φk). We need to show that infinitely many of the qk for k ∈ N are
geometrically distinct. Assume first that φ is non-negative in the sense of Viterbo’s partial order,
i.e. c−(φ) = 0 and hence c+(φ) > 0. Then c+(φk) > 0 for all k. The two key facts that allow us
to find infinitely many geometrically distinct points among the qk are the following.
(i) If qk1 = qk2 then
1
k1
c+(φk1) = 1
k2
c+(φk2). This is easy to prove using the fact that the
symplectic action of a fixed point q of a Hamiltonian symplectomorphism φ is given by the
symplectic area enclosed by γ unionsq φ(γ)−1, where γ is any path connecting q to some point
q′ outside the support of φ.
(ii) The set { c+(φk) , k ∈ N> } is bounded above by the capacity of the support of φ.
These two facts together easily imply that infinitely many of the qk must be geometrically distinct.
In the general case, i.e. if φ is not necessarily non-negative, we can consider a sequence φk(i) such
that c+(φk(i)) > 0 (we allow k(i) to have any sign). Again (i) and (ii) apply and we get Viterbo’s
result.
As we are going to see in Section 3, although we have a contact analogue (introduced by Bhupal
[Bh01]) of the spectral invariants c+ and c−, neither (i) nor (ii) hold for contactomorphisms of
R
2n+1. However in this case we have that if q is a translated point for both φk1 and φk2 (with
k1 < k2) then φ
k1(q) is a translated point for φk2−k1 . This elementary fact, together with mono-
tonicity of c+, allows us to still find infinitely many geometrically distinct iterated translated
points for φ. In the case of R2n × S1, which is treated in Section 4, because of 1-periodicity
in the z-coordinate the above argument fails for iterated translated points with integer contact
action. However in this case an analogue of the rigidity result (ii) holds, and this, together with
monotonicity of c+, allows us to conclude.
To summarize, the only ingredient in the proof of Theorem 1.3 in the case of R2n+1 is the existence
of a spectral invariant c+ which is carried by translated points and is positive for positive contac-
tomorphisms. Such a spectral invariant was introduced by Bhupal [Bh01], relying on the work of
Chekanov [Chek96]. In the case of R2n × S1 we need to use in addition the contact analogue of
(ii), i.e. the energy-capacity inequality for spectral invariants that was established in [S11, S10].
It is important to notice that the problem of translated points is a special case of the prob-
lem of leafwise coisotropic intersections. Let M be a codimension m coisotropic submanifold of a
symplectic manifold (W,ω). The m-dimensional distribution ker(ω|M ) is integrable (see for exam-
ple [MS]) and defines thus a foliation F on M . Given a Hamiltonian symplectomorphism φ of W ,
a point q of M is called a leafwise intersection of M and φ(M) if q ∈ F ∩ φ(F ) for some leaf F of
F . The problem of existence of leafwise intersections was first posed by Moser [Mos78] in 1978.
The first results are due to Moser and Banyaga [Mos78, Ban80]: they proved existence of leafwise
intersections for closed coisotropic submanifolds and Hamiltonian diffeomorphisms C1-close to the
identity. Ekeland and Hofer [EH89, Hof90] replaced, for hypersurfaces of restricted contact type
in R2n, the C1-small condition by a much weaker smallness assumption, namely that the Hofer
norm of the Hamiltonian symplectomorphism should be smaller than a certain capacity of the
region bounded by the hypersurface. This result was then recently extended by Dragnev [Dra08]
to coisotropic submanifolds of R2n with higher codimension, and by Ginzburg [Gin07] to hyper-
surfaces of restricted contact type in subcritical Stein manifolds. Other results were obtained by
Albers, Frauenfelder, McLean and Momin [AF08, AF10a, AF10b, AF10c, AMcL09, AM10], Kang
[Kan09], Gu¨rel [Gur10], Macarini, Merry and Paternain [Mer10, MMP11] and Ziltener [Zil10].
Translated points of contactomorphisms are a special case of leafwise coisotropic intersections. In-
deed, consider the symplectization
(
M ×R , ω = d(eθα)
)
of a contact manifold
(
M , ξ = ker(α)
)
.
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Then M , which we will identify with M × {0} ⊂ M × R, is a codimension 1 coisotropic sub-
manifold of M × R and its characteristic foliation coincides with the Reeb foliation. If φ is a
contactomorphism of M which is contact isotopic to the identity then we can lift it to a Hamilton-
ian symplectomorphism φ˜ of M × R by setting φ˜(q, θ) =
(
φ(q), θ − g(q)
)
where g is the function
defined by φ∗α = egα. Then leafwise intersections for φ˜ correspond to translated points of φ.
We remark however that none of the existing articles on leafwise coisotropic intersections consider
the special case of leafwise intersections corresponding to translated points of contactomorphisms.
Notice that, since the question of existence of leafwise intersections is known to be false in gen-
eral, when studying this problem it is necessary to make some assumption either on the ambient
manifold or on the Hamiltonian symplectomorphism. The assumption made so far in the liter-
ature is typically a smallness assumption for the Hamiltonian symplectomorphism, which is not
suitable to study the problem of leafwise intersections coming from translated points of contac-
tomorphisms. Note however that some of the existing results on leafwise coisotropic intersections
[AF08, AF10b, AF10c, AMcL09, Mer10, MMP11], [AF10a, Theorem C], [EH89, Theorem 1] do
not need any assumption either on the C1 or on the Hofer norm of the Hamiltonian symplectomor-
phism, and therefore it seems possible that they could be applied to obtain existence of translated
points of contactomorphisms in some special cases. But, as far as I understand, these results
cannot be applied to recover the main theorem of this article.
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2. Generating functions for contactomorphisms of R2n+1 and R2n × S1 and
existence of translated points
In this section we will give the background information on generating functions for contactomor-
phisms of R2n+1 and R2n×S1 that is needed in the rest of the article. In particular we will recall
how Chekanov’s theorem and Bhupal’s graph construction give existence of generating functions
quadratic at infinity, immediately implying the existence of translated points. We refer to [S11]
for more details about the material recalled in this section.
Let φ be a contactomorphism of
(
R
2n+1, ξ = ker (dz − ydx)
)
and g : R2n+1 → R the function
defined by φ∗(dz− ydx) = eg(dz− ydx). Following Bhupal [Bh01] we define a Legendrian embed-
ding Γφ : R
2n+1 −→ J1R2n+1 to be the composition τ ◦ grφ, where grφ : R
2n+1 −→ R2(2n+1)+1
is the Legendrian embedding q 7→ (q, φ(q), g(q)) and τ : R2(2n+1)+1 −→ J1R2n+1 the contact
embedding (x, y, z,X, Y, Z, θ) 7→
(
x, Y, z, Y − eθy, x − X, eθ − 1, xY − XY + Z − z
)
. Here we
consider the product contact structure eθ(dz − ydx) − (dZ − Y dX) on R2(2n+1)+1 and the stan-
dard contact structure dθ − pdq on J1R2n+1. More explicitly, for φ = (φ1, φ2, φ3) we have that
Γφ : R
2n+1 −→ J1R2n+1 is given by
Γφ(x, y, z) = (x, φ2, z, φ2 − e
gy, x− φ1, e
g − 1, xφ2 − φ1φ2 + φ3 − z).
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If φ is contact isotopic to the identity then Γφ is contact isotopic to the 0-section. Moreover, if φ is
compactly supported then we can see Γφ as a Legendrian submanifold of J
1S2n+1. Similarly, if φ is
a compactly supported contactomorphism of R2n×S1 (seen as a contactomorphism of R2n+1 which
is 1-periodic in the z-coordinate) then we can see Γφ as a Legendrian submanifold of J
1
(
S2n×S1
)
.
Notice that, since the Reeb vector field in
(
R
2n+1, ξ = ker (dz − ydx)
)
is given by ∂
∂z
, trans-
lated points of φ are points q = (x, y, z) with φ1(q) = x, φ2(q) = y and g(q) = 0. They correspond
to intersections of Γφ with the 0-wall and so to Reeb chords between Γφ and the 0-section. We
are thus in the setting of Chekanov’s theorem on critical points of quasi-functions [Chek96], that
we will now recall.
Let B be a smooth closed manifold, and consider the 1-jet bundle J1B = T ∗B × R equipped
with the contact form dθ− pdq. Note that the 1-jet j1f = {
(
x, df(x), f(x)
)
|x ∈ B } of a smooth
function f : B → R is a Legendrian submanifold of J1B and that (transverse) intersections of j1f
with the 0-wall, which is the product in J1B = T ∗B × R of the 0-section with R, correspond to
(non-degenerate) critical points of f . Hence we can give a lower bound on the number of intersec-
tions of j1f with the 0-wall in terms of the topology of B, by applying the Lusternik-Shnirelman
and (in the non-degenerate case) Morse inequalities. Chekanov proved that these estimates re-
main valid also for arbitrary Legendrian submanifolds of J1B that are contact isotopic to the
0-section (he calls such Legendrian submanifolds quasi-functions on B). With this he generalized
the analogous result by Laudenbach and Sikorav [LS85] on the existence of intersections with the
0-section of Lagrangian submanifolds of T ∗B Hamiltonian isotopic to the 0-section. Chekanov’s
theorem follows from the existence of a generating function quadratic at infinity for every Legen-
drian submanifold of J1B contact isotopic to the 0-section, and from Conley-Zehnder theorem on
critical points of functions quadratic at infinity [CZ83].
Recall that a function S : E → R, where E is the total space of a fiber bundle pi : E −→ B,
is called a generating function for a Legendrian submanifold L of J1B if dS : E −→ T ∗E is
transverse to NE := { (e, η) ∈ T
∗E | η = 0 on ker dpi (e) } and if L is the image of the Legendrian
immersion jS : ΣS → J
1B, e 7→
(
pi(e), v∗(e), S(e)
)
. Here ΣS ⊂ E is the set of fiber critical points
of S and for e ∈ ΣS the element v
∗(e) of T ∗
pi(e)B is defined by v
∗(e) (X) := dS (X̂) for X ∈ Tpi(e)B,
where X̂ is any vector in TeE with pi∗(X̂) = X. Note that critical points of S correspond under
jS to intersections of L with the 0-wall. Moreover we have that non-degenerate critical points
correspond to transverse intersections. Note also that if e is a critical point of S then its critical
value is given by the R-coordinate of the point jS(e). A generating function S : E −→ R is said
to be quadratic at infinity if pi : E −→ B is a vector bundle and if there exists a non-degenerate
quadratic form Q∞ : E −→ R such that dS − ∂vQ∞ : E −→ E
∗ is bounded, where ∂v denotes
the fiber derivative. As already mentioned, existence of generating functions quadratic at infinity
for Legendrian submanifolds of J1B contact isotopic to the 0-section was proved by Chekanov
[Chek96]. See also Chaperon [Chap95] for a different proof of the same result.
Given a contactomorphism φ of R2n+1 or R2n × S1, compactly supported and isotopic to the
identity, by applying Chekanov’s theorem to the corresponding Legendrian submanifold Γφ of
J1S2n+1 or J1(S2n × S1) we get thus a lower bound on the number of translated points. In the
case of R2n+1 we get at least one translated point in the interior of the support (the generating
function has at least two critical points, but one of them might correspond to the point at infinity
of R2n+1). Similarly in the case of R2n × S1 we get at least two translated points in the interior
of the support, and at least three if all of them are non-degenerate (i.e. if they correspond to
transverse intersections of Γφ with the 0-wall).
In the next sections we will prove that every positive contactomorphism φ of R2n+1 or R2n × S1
which is compactly supported and isotopic to the identity has infinitely many iterated translated
points in the interior of the support. By the discussion above we know that every iteration φk
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has at least one translated point in the interior of the support. However these iterated translated
points are not necessarily geometrically distinct. To find infinitely many geometrically distinct
iterated translated points out of them we will use the spectral invariants c±(φ) that were intro-
duced in [Bh01]. Recall that the definition of c±(φ) is based on the following minimax method for
generating functions [Vit92]. Let L be a Legendrian submanifold of J1B with generating function
S : E → R. Denote by Ea, for a ∈ R ∪∞, the sublevel set of S at a, and by E−∞ the set E−a
for a > 0 big. We consider the inclusion ia : (E
a, E−∞) ↪→ (E,E−∞), and the induced map on
cohomology
i ∗a : H
∗(B) ≡ H∗(E,E−∞) −→ H∗(Ea, E−∞)
where H∗(B) is identified with H∗(E,E−∞) via the Thom isomorphism. For any u 6= 0 in H∗(B)
we define
c(u, L) = c(u, S) = inf { a ∈ R | i ∗a (u) 6= 0 }.
Note that c(u, L) is a critical value of S. The good definition of c(u, L) follows from the uniqueness
theorem for generating functions quadratic at infinity [Vit92, Th95, Th99]. For a contactomor-
phism φ of R2n+1 or R2n × S1 we define c+(φ) := c(µ,Γφ) and c
−(φ) := c(1,Γφ) where µ and 1
are respectively the orientation and the unit cohomology class either of S2n+1 or S2n×S1. It can
be proved that c+(φ) ≥ 0, c−(φ) ≤ 0, and c+(φ) = c−(φ) = 0 if and only if φ is the identity.
If q = (x, y, z) is a translated point of φ then we call the real number Aφ(q) := φ3(q) − z its
contact action (in the case of R2n × S1 we regard φ as a 1-periodic contactomorphism of R2n+1
so that also in this case φ3(q)− z is a well-defined real number). Note that Aφ(q) is equal to the
critical value of the critical point of the generating function of φ corresponding to q. It follows from
this discussion that for every contactomorphism φ of R2n+1 or R2n × S1 there are two translated
points q+ and q− such that Aφ(q
+) = c+(φ) and Aφ(q
−) = c−(φ). Unless φ is the identity, at
least one of them has non-trivial contact action, and so in particular belongs to the interior of the
support of φ.
3. Iterated translated points in R2n+1
Let φ be a contactomorphism of R2n+1, compactly supported and isotopic to the identity (but
different than the identity). By the discussion in Section 2 we know that φ has at least one
translated point in the interior of its support. Since the same is true for all the iterations φk, we
have infinitely many iterated translated points of φ in the interior of the support. The question is
whether infinitely many of them are geometrically distinct. In the following theorem we will study
this problem in the case of a positive contactomorphism φ. Recall that φ is called positive if it
is the time-1 flow of a contact Hamiltonian which is positive in the interior of its support. Thus,
φ is the time-1 map of a contact isotopy that in the interior of its support moves every point in
a direction positively transverse to the contact distribution. As it was proved by Bhupal [Bh01]
this relation induces a well-defined bi-invariant partial order on the group of compactly supported
contactomorphisms of R2n+1 isotopic to the identity.
Theorem 3.1. A positive compactly supported contactomorphism φ of R2n+1 has infinitely many
non-trivial geometrically distinct iterated translated points.
Here an iterated translated point of φ is considered non-trivial if it has a non-zero contact action,
and so in particular belongs to the interior of the support of φ.
To prove Theorem 3.1 we need the following lemma.
Lemma 3.2. Let k1 and k2 be positive integers with k1 < k2, and assume that q is a translated
point for both φk1 and φk2 . Then φk1(q) is a translated point for φk2−k1 , hence in particular an
iterated translated point for φ.
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Proof. Since q is a translated point for φk1 and φk2 we have in particular that φk1(q) and φk2(q) =
φk2−k1
(
φk1(q)
)
are in the same Reeb orbit. For any positive integer k we denote by gk the function
satisfying (φk)∗α = egkα. Note that gk = g ◦φ
k−1+ g ◦φk−2+ · · ·+ g ◦φ+ g, and so in particular
gk2(q) = gk2−k1
(
φk1(q)
)
+ gk1(q). Since gk1(q) = 0 = gk2(q) we get that gk2−k1
(
φk1(q)
)
= 0,
concluding the proof that φk1(q) is a translated point for φk2−k1 . 
The key ingredient in the proof of Theorem 3.1 is strict monotonicity of c+: if φ and ψ are positive
contactomorphisms with φ < ψ (i.e. ψφ−1 is positive) then c+(φ) < c+(ψ). Note that the proof
of monotonicity of c± in [S11] also gives strict monotonicity. In particular, if φ is positive then we
have that 0 < c+(φ) < c+(φ2) < c+(φ3) < · · · .
Proof of Theorem 3.1. For every positive integer k we denote by qk the translated point of φ
k
whose contact action is equal to c+(φk) (see the discussion at the end of the previous section).
Then either infinitely many of the { qk , k ∈ N> } are geometrically distinct or there exist a point
q and an infinite sequence k1 < k2 < k3 < · · · such that q = qki for all i in N>. But in
the second case we can consider the points {φki(q) , i ∈ N> }, that by Lemma 3.2 are iterated
translated points of φ. These points are all geometrically distinct. Indeed, let q = (x, y, z) and
φki(q) = (x, y, zki). Then c
+(φki) = zki − z and thus by monotonicity of c
+ and positivity of φ
we get that zk1 < zk2 < zk3 < · · · so that φk1(q), φk2(q), φk3(q), · · · are all distinct. 
We would like to stress that the fact that, in the previous proof, the points {φki(q) , i ∈ N> }
are distinct is not obvious a priori and really needs some deep tool to be proved, in our case
monotonicity of the spectral invariant c+. Indeed, as discussed in the introduction, the positivity
assumption for a contactomorphism φ of R2n+1 does not imply that this contactomorphism should
move every point up in the z-direction.
If we remove the positivity assumption in Theorem 1.3, we can just say that a compactly sup-
ported contactomorphism φ of R2n+1 either has a periodic point (i.e. a fixed point q of some φk,
with gk(q) = 0) or infinitely many non-trivial geometrically distinct iterated translated points.
Indeed, suppose as in the proof of Theorem 3.1 that there exist a point q and an infinite sequence
k1 < k2 < k3 < · · · such that q = qki for all i in N>. Then either the set {φ
ki(q) , i ∈ N> } has
infinitely many distinct points or there exist k1 < k2 such that φ
k1(q) = φk2(q) =: q′. But then,
by Lemma 3.2, q′ is a fixed point of φk2−k1 with gk2−k1 = 0. Notice that this argument is only
formal, and would apply to any contact manifold once existence of a non-trivial translated point
for each iterate φk of a contactomorphism φ is established.
In the study of iterated translated points for contactomorphisms of R2n+1, the main difference
with respect to the symplectic case is that we do not have any rigidity of the contact action (i.e.
something like properties (i) and (ii) on page 4). The only tool we have in this case to distinguish
the iterated translated points is monotonicity of c+. As we are going to see in the next section,
in R2n × S1 the automatic distinction of iterated translated points given by monotonicity of c+
fails for integer contact actions because of 1-periodicity in the z-coordinate. On the other hand
in R2n × S1 we do have some rigidity results for the contact action, that will allow us to still find
infinitely many iterated translated points.
4. Iterated translated points in R2n × S1
We will show in this section the existence of infinitely many geometrically distinct iterated trans-
lated points for positive compactly supported contactomorphisms of R2n×S1. The argument given
in the case of R2n+1 now fails since, because of 1-periodicity in the z-coordinate, monotonicity of
c+ is not enough any more to distinguish, in the case qk1 = qk2 , the points φ
k1(qk1) and φ
k2(qk2).
Indeed, if c+(φk2)− c+(φk1) is integer then φk1(qk1) = φ
k2(qk2). However we still get existence of
infinitely many iterated translated points thanks to some rigidity results for the contact action.
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In particular we have the following new phenomena with respect to the case of R2n+1.
For contactomorphisms of R2n × S1 we have that the integer parts of c+ and c− are invariant
by conjugation, i.e. dc±(φ)e = dc±(ψφψ−1)e and bc±(φ)c = bc±(ψφψ−1)c. Moreover the follow-
ing triangle inequalities hold:
dc+(φψ)e ≤ dc+(φ)e+ dc+(ψ)e
bc−(φψ)c ≥ bc−(φ)c+ bc−(ψ)c.
These properties, that follow from 1-periodicity in the z-coordinate (see [S11]), allow us to define
a bi-invariant metric on the contactomorphism group of R2n × S1 by
d (φ, ψ) := dc+(φψ−1)e − bc−(φψ−1)c
and a contact capacity for a domain V of R2n × S1 by
c(V) := sup { dc+(φ)e | φ ∈ Cont (V) }
where Cont (V) denotes the set of time-1 maps of contact Hamiltonians supported in V. The
contact capacity c(V) is well-defined because it can be proved that if ψ is a contactomorphism of
R
2n × S1 displacing V, i.e. such that ψ(V)∩ V = ∅, then dc+(φ)e ≤ E(ψ) for every φ in Cont (V).
Here E(ψ) is the energy of ψ with respect to the metric d, i.e. E(φ) := dc+(φ)e − bc−(φ)c.
We refer to [S11, S10] for a proof and further discussion of these results. To study iterated
translated points of a contactomorphism φ of R2n × S1 we are only going to use the fact that the
sequence { c+(φk) , k ∈ N> } is bounded above, by the capacity of the support of φ. This, together
with monotonicity of c+, allows us to prove the following theorem.
Theorem 4.1. If φ is a positive contactomorphism of R2n × S1 which is compactly supported
and isotopic to the identity then φ has infinitely many non-trivial geometrically distinct iterated
translated points.
Proof. For every positive integer k we consider the translated point qk of φ
k whose contact action
is equal to c+(φk). As in the proof of Theorem 3.1, either infinitely many of the { qk , k ∈ N> }
are geometrically distinct or there exist a point q and an infinite sequence k1 < k2 < k3 < · · ·
such that q = qki for all i in N>. In this second case we can consider the points {φ
ki(q) , i ∈ N> }.
Note that by Lemma 3.2 all of them are iterated translated points of φ. Let q = (x, y, z) and
φki(q) = (x, y, zki). Because of monotonicity of c
+, either infinitely many of the {φki(q) , i ∈ N> }
are geometrically distinct or there is an infinite subset I of N> such that zki − z ∈ Z for all i in I.
But this second possibility gives a contradiction because the sequence { c+(φki) = zki−z , i ∈ I } is
increasing, because of monotonicity of c+ and positivity of φ, and bounded above by the capacity
of the support of φ (see the discussion above) and thus cannot be made of integers. 
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